A mass-spring-damper slider excited into vibration in a plane by a moving rigid belt through friction is a major paradigm of friction-induced vibration. This paradigm has two aspects that can be improved: (1) the contact stiffness at the slider-belt interface is often assumed to be linear; (2) this contact is usually assumed to be maintained during vibration (even when the vibration becomes unbounded at certain conditions). In this paper, a cubic contact spring is included; loss of contact (separation) at the slider-belt interface is allowed and importantly reattachment of the slider to the belt after separation is also considered. These two features make a more realistic model of 1 To whom all correspondence should be addressed.
Introduction
Generally speaking, dry friction acts as a resistance to relative motion which dissipates energy of a system; however, under certain conditions, it can cause self-excited vibration in engineering as well as in daily life [1] [2] [3] [4] , and in most of these cases is undesirable. Examples include door hinges, squeaky chalk on a blackboard, data loss of a computer hard disc drive due to flutter of the disc and a most well-known noise problem, brake squeal [5] [6] [7] that happens in the brake system of an automobile.
Various types of self-excited friction-induced vibration have been studied [1] [2] [3] [4] . The means by which friction can excite unstable vibration are referred to as mechanisms. Several such mechanisms have been put forward and they essentially fall into the following four categories: (1) negative gradient in friction coefficient-velocity relationship [8] ; (2) sprag-slip instability, firstly proposed by Spurr [9] , and also studied in [10, 11] ; (3) stick-slip oscillation, which happens when the value of kinetic friction coefficient is different from the static friction [12, 13] ; (4) mode-coupling instability [14] [15] [16] or mode-locking [17] , which is generally acknowledged as the main mechanism for self-excited vibration in brakes. Friction was also modelled as a follower force [14, 18] or a moving load [19] , or produced a friction couple [20] [21] [22] . Very recently, Elmaian et al. [7] demonstrated through numerical simulation that three typical types of brake noise (that is, creak, squeal and squeak) could be generated by one dynamics model and which type of noise actually occurred depended on the contact state ratio.
One important line of research on friction-induced vibration is establishment of the mechanisms whereby such vibration becomes unstable and demonstration of these mechanisms in simple models of a few degrees-of-freedom. These simple models often offer insight into friction-induced unstable vibration. Some of them were reported in [12, 15, 16, [23] [24] [25] [26] [27] [28] [29] [30] . Popp and Stelter [12] studied the excitation mechanism of a violin string and revealed chaotic behaviour of two discrete and two continuous models due to dry friction. In [26] , the instability of a simple sliding oscillator with friction having a Stribeck characteristic was studied analytically, and the results matched well with experimental results. Luo and Thapa [27] analysed periodic motion and local instability of a simplified brake system analytically, which provided a good understanding of nonlinear and non-smooth vibration of brake systems. Andreaus and Casini [29] studied the responses of a single-degree-of-freedom model with dry friction. The influences of the constant speed of the moving base, the driving force and the friction model on the dynamic behaviour of the system were investigated. In [30] , stick-slip and impact motion of a single-degree-of-freedom oscillator excited by a frictional moving base and restricted by a unilateral rigid or deformable obstacle was studied.
Hoffmann et al. [15] examined in detail mode-coupling instability of a two-degree-of-freedom model through its complex eigenvalues and time-domain response. The role of viscous damping on the instability of mode-coupling oscillation was clarified in [24] . Von Wagner et al. [31] reviewed a number of small models and developed a new two-degree-of-freedom system including a rigid rotating disc in point contact with two point-pads. The stability of the wobbling disc motion was studied for various values of key parameters (normal pre-load, rotating velocity and friction coefficient), which gives a clear insight into the causes of the instability of the friction-induced disc vibration. A recent study [32] suggested that the number of degrees-of-freedom should not be too small and the right modes must be included when a large model was reduced.
As most systems contain nonlinearity in reality, the research into nonlinear friction-induced vibration has been carried out through experimental, analytical [33] and numerical approaches [34] [35] [36] . One significant source of nonlinearity in friction-induced vibration is the contact. Usually its stiffness is represented by a polynomial type of nonlinear stiffness which allows some nonlinear techniques [35] to be used. Sinou and Jézéquel [16] studied the role of damping in mode coupling instability and the amplitude of limit cycle of a simple nonlinear two-degree-of-freedom model which had a cubic nonlinear contact stiffness in order to avoid bad design. Moreover in [36] , both a linear and a cubic contact laws were used in a simplified disc model, which fitted the experimental results of compression force against deformation of the pad material under varying normal pressure.
The possibility of loss of contact was mentioned in [36, 37] but the effect of separation was not studied. One limitation of most previous studies of friction-induced vibration of small models is that contact between the two bodies in sliding contact is assumed to be maintained during vibration. As the unstable friction-induced vibration caused by the friction force at the contact interface grows, it is important to consider separation during the vibration, when friction temporarily disappears.
One notable area of work is friction impact oscillator exemplified by Leine et al. [38] . Dynamic contact was treated as linear complementary problem and a generic formulation was presented. Its main advantage was the capability of dealing with unilateral contact and separation in multibody dynamics. On the other hand, their formulation was in mathematical form that did not lead to an asymmetric stiffness matrix that was the cornerstone of the mathematical framework for brake squeal. Their Simplified Friction Impact Oscillator (in section 5.1) ended as a one-degree-of-freedom system with mass, damping and stiffness depending on a geometric character of an angle and the friction coefficient. As a result, the system can become unstable above certain critical values of the friction coefficient.
In the present paper, the effects of separation and subsequent reattachment on the vibration amplitude of a nonlinear two-degree-of-freedom model are studied; moreover, the important roles of pre-load and nonlinearity in the stabilisation and vibration magnitude of the system are analysed.
Very interesting results are found, even though the simplest type of friction law (Coulomb friction) is adopted. This deviates from another line of research in which very sophisticated friction models (such as in Saha et al. [39] ) are involved. One shortcoming of [39] is that the normal degree-of-freedom was absent. Berger in his review paper [4] summarised experimental results in a number of papers that stressed the importance of having the normal degree-of-freedom.
In this paper, firstly a nonlinear two-degree-of-freedom model with a pre-compression force is introduced in Sections 2 and 3. In Section 4, eigenvalues of the Jacobian matrix of the linearised system are calculated and the effects of nonlinear stiffness as well as the pre-load (pre-compression force) on the stability of the model are analysed. In Section 5, separation and reattachment during vibration are investigated numerically. In particular the changes of vibration amplitudes at various loading and nonlinear stiffness values are compared between two cases when separation is considered and ignored. Finally, conclusions are drawn in Section 6.
The mechanical model
To reveal the effects of separation on and contributions of various system parameters to instability, a nonlinear two-degree-of-freedom model illustrated in Fig. 1 is developed from a classic linear coupled two-degree-of-freedom model [15] . The current model contains a point mass m which is compressed by a vertical compression force F to bring a rigid massless slider against a rigid belt moving at a constant speed. The contact between the slider and the belt is unilateral and a linear spring k 2 and a nonlinear spring k nl together represent contact stiffness. From a realistic point of view, vertical separation may happen between the contacting surfaces. The mass is constrained by a spring k 1 and a damper c 1 in the horizontal direction and by a grounded damper c 2 in the vertical direction. Moreover, a grounded spring k 3 is linked to the mass at a 45° angle relative to the horizontal direction, which couples vibration in both directions. Since the focus of this paper is on the influences of the nonlinear stiffness and separation on the instability, and friction characteristics are not of interest, a constant coefficient of friction μ at contact point is assumed. The coordinate system defined in this paper comprises of a horizontal axis denoted by x and a vertical axis denoted by y, and the zero point of the coordinate system defined in the paper is the position when the pre-compression force F (also called pre-load, and it is positive when acting in the downward direction) has not yet been applied and the horizontal spring has not deformed yet. And the static position of the mass after the pre-compression force F is applied is referred to as the original static state. Then the belt starts to move at a constant speed.
During vibration, if the mass and belt are in contact, then contact force P acting on the slider (positive when P is a compressive force) is expressed as:
Since the friction force F r in Fig.1 is assumed to be proportional to the contact force P, expressed as F r = μP, the equations of motion of this system can be expressed as: 
As the main purpose of this paper is to study the effects of the pre-load and nonlinear stiffness, other basic parameters of this system are taken as constants: m = 5, k 1 =100, k 2 =50, k 3 =60; and c 1 =c 2 =0.32, which means mass-proportional damping.
It should be stressed that the above equations of motion Eq. (2) are valid only if the following condition is satisfied:
If loss of contact happens during vibration, contact stiffness k 2 and k nl no longer make contributions to the system during separation, and then the system is governed by another set of equations of motion, to be discussed in Section 3.
Separation and reattachment
During vibration, it is necessary to check whether the slider separates from the moving belt or remains in contact with it. As the contact surface of the belt is assumed to be rigid in this model, the condition for staying in separation only depends on the vertical motion of the vibrating mass m, which is given by Eq. (4):
Then the equations of motion for the mass during separation are given by Eq. (5):
The initial conditions for these equations are calculated from Eq. (2) at the last moment in contact.
After separation, the condition for maintaining separation, Eq. (4), is checked in order to find out the exact moment for reattachment. During separation, the contact force is zero, and sliding friction force vanishes, so the states of the mass are calculated by a new set of equations of motion of the mass, Eq. (5). Then the vertical displacement y(t) of the mass is monitored at the end of each time step. The condition for reattachment is when y (t) becomes zero, which means that the mass is vibrating downward back to the original static position. At this moment, the slider is just touching the moving belt without any contact force. So If y(t) >0, separation is maintained. If y(t) becomes negative at the end of a time step, then the bisection method is used to find the critical point, at which y(t) is very near zero satisfying the defined tolerance in the Matlab codes, where the dynamics switches from separation phase to reattachment phase. After reattachment, the equations of motion of this system switch to Eq. (2) until the condition of separation is satisfied again and the initial conditions are calculated from Eq. (5) at the last step before reattachment. This scenario of switching between contact and separation can be repeated. A system like this is non-smooth.
For the sake of simplicity, the effects of impact at reattachment are neglected as in a different vibration problem involving contact but without friction [40] .
Stability analysis
In this section, firstly the equilibrium points of the system are determined by solving the nonlinear equations in the static condition. Then the local linear approximation about the equilibrium points is used to obtain the Jacobian matrix of the linearised system which also preserves the distinct stability behaviour of the original nonlinear system [41, 42] . Finally the eigenvalues of the Jacobian matrix of this system are calculated in order to study the local instability of the system at the equilibrium points for various values of parameters.
Equilibrium points
The equilibrium points ( e , e ) are the solutions of the algebraic Eq. (6). As Eq. (6) here is a set of nonhomogeneous equations due to the pre-load term, equilibrium points are usually determined numerically. only contributes to the system dynamics independently but also makes the nonlinear stiffness affect the equilibrium points of the nonlinear system. Thus the normal pre-compression force is an important factor for the equilibrium points of the original nonlinear system.
Eigenvalue analysis of the linearised system
In order to use the linear approximation method, Eq. (2) is converted into a set of first-order differential equations. By using the transformation relationships z 1 =x, z 2 =x, z 3 =y, z 4 =y, Eq. (2) is transformed into Eq. (7): By expanding the nonlinear equations in a first order truncated Taylor series at the equilibrium point [41, 42] , the Jacobian matrix is given by Eq. (8) 
The stability is manifested by the real parts of the eigenvalues λ of the Jacobian matrix. These eigenvalues reflect the features of the local stability at the equilibrium point (x e , y e ). If all the real parts of the eigenvalues are negative, the system is stable; otherwise, as long as the real part of any eigenvalues is positive, the equilibrium point is unstable.
It can be noted that, because y e takes non-zero values, the nonlinear stiffness terms appear in Eq. (8), unlike in other similar systems, for example, in [16] . For those systems having zero value as an equilibrium point, the nonlinear terms do not make contributions to the Jacobian matrix of the linearised system.
By setting the friction coefficient μ as a control parameter, the changes of the bifurcation points of this system are studied for various values of the normal pre-compression force and the nonlinear stiffness. In this paper, the friction coefficient satisfying the following condition Eq. For a better understanding of the effects of nonlinear stiffness on the stability of this system, the evolution of μ c against the nonlinear stiffness is studied. The numerical results are illustrated in Fig.   7 . It is observed that when there is no normal pre-compression force in the system (shown by the solid black line), the nonlinear stiffness makes no contributions to the stability of the system. In the other cases with pre-load (F =5, 50,100 N) shown by coloured non-solid lines, by setting their friction coefficient µ as the same as the linear system (shown by the solid black line), the nonlinear system firstly becomes more unstable as its μ c decreases with the nonlinear stiffness; In the case of a large pre-load (F =100 N) shown by the yellow dotted line, the nonlinear system becomes more stable than the linear system when the nonlinearity is strong. However, when the pre-load is small (F=5 N) shown by the blue dashed line in Fig. 7 , the nonlinear system is less stable than its linear system. For example, when µ equals to 1.2, the linear system is unstable as its μ c is smaller than 1.2.
On the other hand, the nonlinear system can be stabilised when the pre-load is increased to 100 N while the nonlinear stiffness k nl equals 300 N/m 3 is introduced. Basically, when k 1 =50 N/ m and k 2 =100 N/ m, the nonlinear system is always more stable than its corresponding linear part. Moreover, with the increase of F and the k nl , the stability of the nonlinear system is enhanced in a monotonic trend.
Consequently, the stability of the nonlinear coupled system with sliding friction is much more complex than the corresponding linear system. Parametric studies show that the nonlinear stiffness as well as the pre-compression force plays important roles in the stabilisation of the system. When nonlinear stiffness and pre-compression force are introduced into the system, they firstly make the system unstable, which is not an intuitive conclusion; however, in the cases of strong nonlinearity or large normal compression force, certain combinations of the nonlinear stiffness and the normal pre-compression force stabilise the original unstable system. These phenomena can be exploited for controlling friction-induced vibration. On the other hand, the values of the linear stiffness of a nonlinear system are also important as they can influence how the nonlinear stiffness and the normal pre-compression force affect the stability of this nonlinear system.
Dynamic transient analysis
In order to find out the influence of separation on the dynamic behaviour of the nonlinear system, time domain responses are calculated numerically for various values of the key parameters. A nonlinear system can become stable or unstable depending on the values of the system parameters, which has been discussed in Section 4. It is found that separation does not occur for a stable system in most situations; and even if separation happens under some conditions, the vibration of the system still gradually decreases and eventually gets back to the equilibrium point, which is not of interest in this paper. Also due to the page limitation, these results will not be given in this paper.
Thus this section mainly focuses on the vibration of the unstable system considering separation.
Firstly through a numerical example, the occurrence of separation during vibration is illustrated; then the influences of nonlinear stiffness and normal pre-compression force on the friction-induced vibration considering separation are investigated; finally the role of separation on the vibration amplitude is analysed through the comparisons between the results of two cases: (1) separation is considered; (2) separation is ignored.
Separation during vibration
In this paper, the fourth-order Runge-Kutta method appropriate for the second-order differential equations [43] is used to calculate the transient responses of the nonlinear system numerically. As the state of the system switches between separation and in-contact phases, the dynamic behaviour of the system needs to be obtained by solving two different sets of governing equations, which brings about some difficulties, such as determining the motion state and searching for the transition point for the two distinct states, in the numerical computation. The process of the numerical computation is as follows: The equations of motion are given by Eq. (2). The contact force is checked at the end of every single time step during numerical computation. The tracking of separation and reattachment follows the conditions given in Section 3. If during the in-contact phase the contact force P(t) drops below zero at the end of a time step, the bisection method is used to find the critical contact force satisfying the error tolerance defined in the algorithm and the associated motion states (displacement, velocity and acceleration). Then separation is considered to take place and the equations of motion are now given by Eq. (5). Separation ceases when the mass moves downwards to y=0. If during the separation phase y drops below zero at the end of a time step, the bisection method is used to find the critical point for reattachment. Then the slider re-establishes contact with the moving belt again and Eq. (2) is now back in charge until the next separation happens. Impact that may occur at the reattachment [44] [45] is ignored in this paper, as the time duration of separation is short, so impact may influence the vibration only slightly; in this paper the main interest is in the effects of significant parameters on dynamics of friction-induced vibration problem;
in future work, more factors including impact will be considered.
The parameter values in this numerical example are: k 1 =100; k 2 =50; k 3 =60; F=80; k nl =100; μ=0.7.
The critical friction coefficient μ c for bifurcation with theses parameters is 0.28. The numerical results are given in Figs. 10 -12. of contact is considered. In conclusion, even in the presence of the normal pre-compression force as a pre-load, separation still can take place during vibration, and reattachment naturally occurs with separation.
Effects of separation on the amplitudes
To assess the influences of separation on the maximum vibration amplitude of the nonlinear friction-induced vibration, comparisons between cases of separation being considered (Case 1) and ignored (Case 2) are made through a parametric study for various values of nonlinear stiffness and normal pre-compression force. As shown in Fig. 13 , a significant difference in the roles of the normal pre-compression force on the vibration amplitude can be observed between Case 1 and Case 2. When separation is ignored (blue solid line) in Fig.13 , the normal pre-load barely affects the maximum amplitude of the nonlinear vibration. In contrast, for the more realistic case when separation is considered (the green dashed line) in Fig. 13 , the maximum vibration amplitude of the mass becomes larger with the increasing normal pre-compression force, which is not an intuitive expectation that increasing the normal pre-compression force leads to greater vibration. Moreover, at the initial increase of the normal pre-load, the maximum amplitudes are smaller than those in Case 2 (separation ignored). However, at a larger pre-compression force, the situation is reversed.
For the nonlinear system having a stronger nonlinear contact spring shown in Fig. 14, a similar trend of the maximum amplitudes to that of Fig. 13 is found, and the maximum amplitudes in Case (separation ignored) at the same nonlinear stiffness value, but they tend to become larger than in Case 2 when the nonlinear stiffness is increased. In addition, the maximum amplitudes depend on the normal compression force, as shown in Fig. 16 (F=60 N) , where even at a small value of nonlinear contact stiffness, the maximum amplitudes in Case 1 are greater.
The above apparently puzzling dynamic behaviour can be explained as follows. If separation is ignored, after the contact force becomes negative, the contact spring gets stretched and it still offers the resistance force hindering the mass from moving upward further, meanwhile the friction force still makes a contribution to the horizontal vibration. However, when separation is allowed, the vertical contact stiffness is lost during separation which does not offer the same amount of resistance force to the vertical vibration; at the same time, the horizontal friction force disappears which will not make any contribution to the horizontal vibration. Also because the horizontal and vertical vibration is coupled, the vibration of this system when separation is considered is actually more complex. These are very interesting findings and can be exploited in control of friction-induced vibration.
Consequently, when the loss of contact is considered, the effects of the nonlinear stiffness and normal pre-compression force on the evolution of vibration amplitude are not the same as when separation is ignored. Given the very important contributions of separation found in this paper, it should be taken into account in models of friction-induced vibration. Flexibility of the moving belt and impact at reattachment after separation are other important factors to be considered in future.
Conclusions
In this paper, a two-degree-of-freedom mass-slider on moving belt model for vibration induced by sliding friction is developed. A cubic nonlinear spring is introduced at the contact point between the slider and the belt. The equations of motion at two vibration states (when the slider and the belt are in contact and in separation) are derived and conditions for separation and reattachment after separation are given.
The effects of nonlinear contact stiffness as well as the normal pre-load on the local stability near the equilibrium point are studied by the eigenvalue analysis. The results of both proportional damping and non-proportional damping cases show that, the roles of nonlinear stiffness and the pre-load on the stability of the system are complicated. Initially, increasing the nonlinear stiffness or the pre-load tends to make the nonlinear system more unstable than the linear system; but at certain higher values, they start to stabilise the system; at some even higher values, the nonlinear system is more stable than its corresponding linear system with the same friction coefficient. These properties can be taken advantage of in controlling friction-induced vibration. Additionally, the influence of the nonlinear stiffness and the pre-load in this nonlinear system can be different, depending on the values of the linear stiffness.
Through numerical studies, the process of contact loss and reattachment of the slider during vibration is demonstrated. It is found that separation can happen even under a large pre-load.
Moreover, when separation is considered, not only the change of vibration amplitudes against some system parameter values is opposite to the trend when separation is ignored, but also the values of the amplitudes are larger in certain conditions. Therefore, ignoring separation, as always occurs in simple models for friction-induced vibration, is likely to under-predict vibration magnitude and thus is unsafe. Therefore a major conclusion is that separation at the contact interface should be taken into account in the nonlinear friction-induced vibration problem. 
